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Summary and Principal Results
The initial goal of this project was to study information flow in computational systems using 
techniques from information theory, domain theory and other areas of mathematics and 
computer science. The aims were a deeper understanding of information flow that would 
support computational models to reason about properties of such systems. Over time, the focus 
shifted — it became clear that a better understanding of random variables, which form the basis 
for modern treatments of Shannon’s Information Theory, was needed, in particular from a 
domain-theoretic perspective. With that somewhat altered goal, the research became more 
narrowly focused on the relationship between random variables and domain theory and on 
related work on information theory. Over the course of the project, several achievements have 
been recorded: 

1. Research on domain random variables and models of computation. The standard 
domain-theoretic approach to modeling probabilistic choice as a computational effect is 
to use sub-probability measures on the underlying semantic domain. This approach has 
known flaws: first, there is no known cartesian closed category of domains that is 
invariant under the sub-probability measures functor, and second, there is no distributive 
law of the sub-probability measures functor over any of the monads for nondeterminism. 
As an alternative, the PI and one of his graduate students have pursued a program of 
developing monads of sub-probability measures over domains. The idea is to choose for 
a (sub-)probability space a domain whose family of sub-probability measures is known to 
be well-behaved, and then to implement probabilistic choice over a semantic domain D 
using Scott-continuous random variables from the chosen sub-probability space to D. 
This approach has seen two significant advances over the course of this project:
⁃ First, Tyler Barker, a PhD student working under the PI’s direction devised a 

monad for randomized algorithms. This monad is based on sub-probability 
measures on the Cantor tree, the prototypical model for outcomes of coin tosses, 
implemented by a Scott-continuous map into the semantic domain that carries 
the meanings of programs. Barker’s dissertation includes a proof that this 
approach produces a monad over the three most important cartesian closed 
categories of domains: bounded complete domains, retracts of bifinite domains 
and finitely separated domains. It also shows that this monad enjoys a 
distributive law over one of the nondeterminism monads. More generally, this 
construction has been used to give a model of randomized PCF, an idealized toy 
language that supports the lambda calculus, arithmetic over the natural numbers 
and randomized algorithms over these data. The monad also generalizes a 
recent construction of the stochastic lambda calculus by Dana Scott. Barker’s 
monad has been implemented in SML and tested on the Miller-Rabin Primality 
Testing Algorithm. The construction requires sharing the same coin tosses 
among participating processes, but it turns out that this makes it more efficient 
when testing whether one of two numbers is prime, for example. 

⁃ A second monad of random variables has been devised by the PI that overcomes 
a limitation of the monad for randomized algorithms — the requirement that coin 
tosses (or whatever source of randomness is used) be shared among component 
processes. This requirement is not appropriate for applications such as crypto-
protocols where honest users need to have independent, secret sources of 
randomness during their execution of the protocol. This second monad supports 
this. An interesting aspect emerged during this research. In formulating the 
monad of random variables, it was realized that the semantic domain in which 
random variables take their values must support nondeterminism — the reason is 
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that iterations of the monad could produce different choices for the same 
sequence of coin tosses when processes are composed, and the semantic 
domain must necessarily record those choices. This provides an interesting 
insight into the relationship between probabilistic choice and nondeterminism. 
While probabilistic choice is a form of nondeterminism, we distinguish it from 
other forms of nondeterminism, in order to understand the nature of probabilistic 
choice more clearly.  

⁃ This line of research was underpinned by an in-depth investigation of sub-
probability measures on the Cantor tree that are supported on antichains. These 
measures appear to be the prototypical ones that occur in the outcomes of a 
number of coin flips — the first flip results in heads or tails, and this pair of 
outcomes forms an antichain when models in the Cantor tree. Likewise, the 
outcome of n flips of a coin also form an antichain — the n-bit words, where 0 
denotes Tails and 1 Heads. These results were part of the mathematical basis of 
Barker’s PhD thesis, and the more expressive model devised in the PI’s results 
about probabilistic choice described above. The research also uses heavily the 
fact that the Cantor tree consists of the Cantor set as its set of maximal 
elements, and that, viewed as a domain, the finite quotients of the Cantor set 
form a family of compacta whose projective limit is the Cantor set. (An alternative 
view of the same construction is obtained by applying Stone Duality with the 
Cantor set as a projective limit of finite sets.) 

⁃ In related work, the author collaborated with a postdoc working under his 
direction to produce interesting new results about Cantor groups. Schmidt (the 
inventor of Schmidt games for badly approximable reals) proved in the 1980s 
that the canonical map from the Cantor group (qua countable product of two-
point groups) to the unit interval sends Haar measure on the Cantor set to 
Lebesgue measure on the unit interval. The work with the postdoc greatly 
generalizes this result. We showed that any topological group structure on the 
Cantor set — abelian or nonabelian(!) — has the same property: there is a 
canonical map from the Cantor group onto the unit interval and this map sends 
Haar measure to Lebesgue measure. Moreover, we showed that any two such 
group structures admit a Borel isomorphism between the underlying measure 
spaces. These results play a role in the work on Skorohod’s Theorem and the 
theory of domain random variables reported below. 

2. Research on the Skorohod’s Theorem from a domain perspective produced two results: 
⁃ First, a simple, domain-theoretic proof that the sub-probability measures over any 

complete chain form a continuous lattice was discovered. This result is 
remarkable, since the only prior results about the fine domain structure of the 
sub-probability measures over a domain consisted of the fact that any rooted tree 
has a bounded complete domain of sub-probability measures, and that the sub-
probability measures over a finite reversed tree are a retract of a bifinite domain. 
The proof is inspired by the standard proof of Skorohod’s Theorem in the case 
that the target Polish space is the unit interval. 

⁃ Second, a domain-theoretic proof of Skorohod’s Theorem has been found. It 
differs from the standard proof of the theorem, in that we use the usual domain-
theoretic approach in which measures are approximated by simple measures, 
and the result for simple measures is proved directly, with the general result 
following form this. The same proof yields a sharper result for coherent domains 
with countable bases: it allows us to show that every Borel measure on such a 
domain is the Scott-continuous image of Haar measure on the Cantor set. This 
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result is then used to prove Skorohod’s Theorem, since any Polish space can be 
embedded as the set of maximal elements of a countably based, bounded 
complete domain. In particular, the random variables that are used to realize a 
measure on a Polish space as the image of Lebesgue measure on the interval is 
the restriction to the Polish space of a Scott-continuous random variable into the 
ambient domain in which the Polish space is embedded. 

⁃ These results are being written up, so the listing under publications is “in 
preparation”, but this final report  would be incomplete if they were not 
mentioned.  

3. Research on statistical tests evaluating empirical results based on Bell’s Theorem: Peter 
Bierhorst, a PhD student working under the direction of the PI developed the first 
definitive statistical tests for rukling out non-locality as an alternate theory to quantum 
mechanics. These results support reasoning about experimental results designed to 
validate that quantum mechanics is a correct theory using empirical results based on 
Bell's Theorem. Most experimenters use the standard Hoeffding Inequality to determine 
the statistical significance of their experimental results, but this is a crude estimate, in 
the sense that it is not tailored for anything special about quantum mechanics or 
experiments to test it against alternative theories. Peter devised a regime for evaluating 
empirical tests that rely on the CHSH inequality, and the results obtained are much 
sharper than prior interpretations. In addition, his approach allows the usual assumption 
that the trials are i.i.d. to be relaxed — this is also an important advance, since proving 
i.i.d. is usually quite involved. There are numerous experiments, often using photons, to 
test Bell’s Inequality recorded in the literature, but the results have always been subject 
to `loopholes” — explanations such as nonlocality or signaling that might explain why the 
results differ from the classical setting. Peter focused on non-locality as an alternative 
theory and experiments using the CHSH inequality, and devised a statistical procedure 
that would produce loophole free tests against non locality if the tests were properly 
conducted. In his dissertation, Peter demonstrated the utility of his work by analyzing 
existing empirical data, and showed his approach gives sharper statistical evidence than 
had been reported in the original research. Upon graduation in August 2014, Peter was 
awarded a postdoctoral position at NIST-Boulder and has continued his research there. 
Last fall, three groups — one at Delft, one in Austria, and the group at NIST-Boulder all 
conducted new tests, and all of them used Peter’s protocol to prepare and conduct their 
tests. Every one reported that the statistical tests showed the experiments confirmed 
quantum mechanics, and the tests were loophole free, a remarkable result.  

4. Meetings Organized: 
⁃ The Workshop on Information and Processes held at CIAPA, Costa Rica (a 

Tulane meeting center). The WIP meeting was the latest in the WIP series, which 
began with Samson Abramsky’s Clifford Lectures at Tulane in 2008. In the 
intervening time, there have been meetings at Tulane, at Dagstuhl, at CIAPA and 
this spring in Fontainebleau, France on the basic theme. The series attracts a 
somewhat electric group of researchers whose interests run the gamut from 
mathematics to computer science to various application areas, including systems 
biology and quantum information and computation. Details about the meetings 
can be found at http://cs.tulane.edu/~mwm/WIP2013/WIP_2013.html

⁃ The 29th Conference on the Mathematical Foundations of Programming 
Semantics, Tulane University, June, 2014. This annual series of conferences has 
been meeting since 1985, and the PI has been the principle organizer since the 
1987 meeting. It publishes its proceedings in the Electronic Notes in Theoretical 
Computer Science, an open access online series that is published by Elsevier 
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that was founded by the PI in 1985; the PI is the Managing Editor of the series. 
⁃ The 30th Conference on the Mathematical Foundations of Programming 

Semantics, Cornell University, June, 2014. 
⁃ The 31st Conference on the Mathematical Foundations of Programming 

Semantics, Radboud University, Nijmegen, The Netherlands, June, 2015. 
5. Honors: Editor, Semantics Column, SIGLOG Newsletter. SIGLOG is a new ACM special 

interest group formed in 2014. The PI was invited to edit a column on semantics for the 
newsletter.  
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2. New discoveries, inventions, or patent disclosures:
Do you have any discoveries, inventions, or patent disclosures to report for this period?

Yes

Please describe and include any notable dates

1. Domain-theoretic proof of Skorohod's Theorem, Spring, 2015
2. Development of loophole-free test of quantum versus alternative theories excluding nonlocality,
Summer, 2014.
3. Development of monad for randomized algorithms, completed Spring, 2016
4. Proof that the sub-probability measures on a complete chain form a continuous lattice, Spring, 2016.
5. Development of monad for multiple participants in a computational process, ongoing.

Do you plan to pursue a claim for personal or organizational intellectual property?

No

Changes in research objectives (if any):

The original objective was to study informtiion flow in channels with varying arities, but the focus shifted a
developing a better understanding of random variables from a domain-theoretic perspective.

Change in AFOSR Program Manager, if any:

The project was originally funded by Dr. Robert Bonneau, but was transferred to Dr. Tristan Nguyen when
Dr. Bonneau left AFOSR.

Extensions granted or milestones slipped, if any:DISTRIBUTION A: Distribution approved for public release.
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